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Abstract
LetM be a real l-dimensional minimal submanifold with flat normal connection in
a kaehler product manifoldM
m
×M
n
whereM
m
andM
n
are complex m-dimensional
and complex n-dimensional kaehler manifolds with constant holomorphic sectional
curvature c1 and c2 respectively. We give a formula for the Laplacian of the second
fundamental form of M . Specially we discuss the F-anti invariant case. We also give
some applications of this formula.
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1 Introduction
The complex projective space CPm and its submanifolds have been studied by many
researchers. For the product manifold K.Yano and M.Kon [7] give the general results.
The F-invariant submanifolds, invariant submanifolds, totally real submanifolds, of
Kaehler product manifold have been studied, for example [1], [2], [6], [3].
In this paper we give a formula for the Laplacian of the second fundamentai form of
a l-dimensional minimal submanifold with flat normal connection in a kaehler product
manifold M
m
×M
n
, where M
m
and M
n
are complex m-dimensional and complex
n-dimensional kaehler manifolds with constant holomorphic sectional curvature c1
and c2 respectively. We also give some applications of this formula. Specially in the
F-anti invariant case, we get several simpler results.
∗Corresponding author.Supported by the NNSF 11526040 of China. Partially supported by the NNSF
11371386 of China
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2 Preliminaries
LetM
m
be a Kaehlerian manifold of complex dimensionm with constant holomorphic
sectional curvature c1 and M
n
be a Kaehlerian manifold of complex dimension n
with constant holomorphic sectional curvature c2. We denote by Jm and Jn almost
complex structures of M
m
and M
n
respectively. We consider the kaeherian product
M =M
m
×M
n
with product metric g and put
JX = JmPX + JnQX
for any vector field X on M , where P and Q denote the projection operators. Then
we have
JmP = PJ, JnQ = QJ, FJ = JF, F
2 = I,
J2 = −I, g(JX, JY ) = g(X,Y ), ∇XJ = 0,
where F = P−Q is a almost product structure onM . Then the Riemannian curvature
tensor R is given by
R(X,Y )Z =
c1 + c2
16
[g(Y,Z)X − g(X,Z)Y + g(JY,Z)JX
−g(JX,Z)JY + 2g(X,JY )JZ + 2g(FY,Z)FX
−g(FX,Z)FY + g(FJY,Z)FJX
−g(FJX,Z)FJY + 2g(FX, JY )FJZ] (2.1)
+
c1 − c2
16
[g(FY,Z)X − g(FX,Z)Y + g(Y,Z)FX
−g(X,Z)FY + g(FJY,Z)JX − g(FJX,Z)JY
+g(JY,Z)FJX − g(JX,Z)FJY
+2g(FX, JY )JZ + 2g(X,JY )JFZ]
for any vector fields X, Y and Z on M .
Let M be a real l-dimensional submanifold of M with induced metric. We denote
by ∇ the Levi-Civita connection in M and by ∇ the connection induced on M . Then
the Gauss and Weingarten formulas are given respectively by
∇XY = ∇XY +B(X,Y ), ∇XV = −AVX +DXV
for any vector field X and Y tangent to M and any vector field V normal to M ,
where D denote the normal connection.
For any vector field X tangent to M we put
JX = PX + FX, FX = fX + hX,
where PX and FX are the the tangential part and normal part of JX respectively,
fX and hX are the tangential part and normal part of FX respectively.
For any vector field V normal to M we put
JV = T V +NV, FV = tV + sV,
2
where T V and NV are the tangential part and normal part of JV respectively, tV
and sV are the tangential part and normal part of FV respectively. Then F , f , s,
ht and FT are symmetric with respect to g, P, N , FJ , fP + tF and Ft + N s
are skew-symmetric with respect to g, and g(FX,V ) = −g(X,T V ), g(hX, V ) =
g(X, tV ), g((hP + sF)X,V ) = −g(X, (Pt + T s)V ). We also have
P2 = −I − T F , FP +NF = 0, PT + T N = 0, N 2 = −I −FT . (2.2)
f2 = I − th, hf + sh = 0, f t+ ts = 0 s2 = I − ht, (2.3)
fT + tN = Pt+ T s, hP + sF = Ff +Nh, (2.4)
fP + tF = Pf + T h, hT + sN = Ft+N s, (2.5)
FJX = JFX = (fP + tF)X + (hP + sF)X
= (Pf + T h)X + (Ff +Nh)X, (2.6)
FJV = JFV = (Pt+ T s)V + (Ft+N s)V
= (fT + tN )V + (hT + sN )V. (2.7)
Additionally, we have the following relations:
tr(fP) = tr(sN ) = tr(hT ) = tr(Ft) = 0, tr[(hT )2] = tr[(Ft)2]
Now we define the covariant derivatives of P, F , T and N respectively by
(∇XP)Y = ∇X(PY )− P(∇XY ), (∇XF)Y = DX(FY )−F(∇XY ),
(∇XT )V = ∇X(T V )− T (DXV ), (∇XN )V = DX(NV )−N (DXV ).
Then we have
(∇XP)Y = AFYX + T B(X,Y ), (∇XF)Y = −B(X,PY ) +NB(X,Y ),
(∇XT )V = −PAVX +ANVX, (∇XN )V = −FAVX −B(X,T V ).
Because M is equipped with product metric we know that ∇F = ∇ P = ∇ Q = 0
(cf [6]). Next we define the covariant derivatives of f , h, t, and s by
(∇Xf)Y = ∇X(fY )− f(∇XY ), (∇Xh)Y = DX(hY )− h(∇XY ),
(∇Xt)V = ∇X(tV )− t(DXV ), (∇Xs)V = DX(sV )− s(DXV ).
Then we have
(∇Xf)Y = AhYX + tB(x, y), (∇Xh)Y = sB(X,Y )−B(X, fY ),
3
(∇X t)V = AsVX − fAVX, (∇Xs)V = −B(X, tV )− hAVX
Denote by R the Riemannian curvature tensor of M , then the equation of Gauss
is given by
R(X,Y )Z = (R(X,Y )Z)⊤ +AB(Y,Z)X −AB(X,Z)Y,
that is
R(X,Y )Z =
c1 + c2
16
[g(Y,Z)X − g(X,Z)Y + g(PY,Z)PX − g(PX,Z)PY
+2g(X,PY )PZ + 2g(fY,Z)fX − g(fX,Z)fY
+g((fP + tF)Y,Z)(fP + tF)X − g((fP + tF)X,Z)(fP + tF)Y
+2g(X, (fP + tF)Y )(fP + tF)Z]
+
c1 − c2
16
[g(fY,Z)X − g(fX,Z)Y + g(Y,Z)fX − g(X,Z)fY
+g((fP + tF)Y,Z)PX − g((fP + tF)X,Z)PY (2.8)
+g(PY,Z)(fP + tF)X − g(PX,Z)(fP + tF)Y
+2g(X, (fP + tF)Y )PZ + 2g(X,PY )(fP + tF)Z]
+AB(Y,Z)X −AB(X,Z)Y.
The equation of Codazzi is given by
(∇XB)(Y,Z)− (∇YB)(X,Z) = (R(X,Y )Z)
⊥,
that is
(∇XB)(Y,Z)− (∇YB)(X,Z)
=
c1 + c2
16
[g(PY,Z)FX − g(PX,Z)FY + 2g(X,PY )FZ + 2g(fY,Z)hX
−g(fX,Z)hY + g((fP + tF)Y,Z)(hP + sF)X
−g((fP + tF)X,Z)(hP + sF)Y + 2g(X, (fP + tF)Y )(hP + sF)Z]
+
c1 − c2
16
[g(Y,Z)hX − g(X,Z)hY + g((fP + tF)Y,Z)FX
−g((fP + tF)X,Z)FY + g(PY,Z)(hP + sF)X
−g(PX,Z)(hP + sF)Y + 2g(X, (fP + tF)Y )FZ
+2g(X,PY )(hP + sF)Z] (2.9)
The equation of Ricci is given by
R⊥(X,Y )U = (R(X,Y )U)⊥ +B(X,AUY )−B(Y,AUX)
or equivalently
g(R⊥(X,Y )U, V ) + g([AV , AU ]X,Y ) = g((R(X,Y )U)
⊥, V ),
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where [AV , AU ] = AVAU −AUAV . That is
g(R⊥(X,Y )U, V ) + g([AV , AU ]X,Y )
=
c1 + c2
16
[g(FY,U)g(FX,V )− g(FX,U)g(FY, V )
+2g(X,PY )g(NU, V ) + 2g(hY,U)g(hX, V )− g(hX,U)g(hY, V )
+g((hP + sF)Y,U)g((hP + sF)X,V )
−g((hP + sF)X,U)g((hP + sF)Y, V ) (2.10)
+2g(X, (fP + tF)Y )((Ft +N s)U, V )]
+
c1 − c2
16
[g((hP + sF)Y,U)g(FX,V )− g((hP + sF)X,U)g(FY, V )
+g(FY,U)g((hP + sF)X,V )− g(FX,U)g((hP + sF)Y, V )
+2g(X, (fP + tF)Y )g(NU, V ) + 2g(X,PY )g((Ft +N s)U, V )]
In the following, we denote by Aα the second fundamental form in the direction
of vα, where {v1, · · · , vp} is an orthonormal basis for Tx(M)
⊥, P = 2m+ 2n− l. We
denote by | · | the length of the tensor.
Lemma 2.1 LetM be an l-dimensional submanifold inM
m
×M
n
. If the normal
connection of M is flat, then
∑
α,β
g([Aβ , Aα]T vβ,T vα)
=
∑
α,β
[g(AαT vβ, AβT vα)− g(AαT vα, AβT vβ)]
=
c1 + c2
16
{
[tr(FT )]2 − tr[(FT )2] + 2tr(NFPT )− tr[(Ft)2] (2.11)
+[tr(hP + sF)T ]2 − tr[(hP + sF)T ]2 + 2tr[(Ft+N s)F(fP + tF)T ]
}
+2
c1 − c2
16
{
tr(FT )tr((hP + sF)T )− tr(FT (hP + sF)T )
+tr(NF(fP + tF)T ) + tr(FPT (Ft+N s))
}
where
− tr[(FT )2] = −
∑
α
g(FT vα,FT vα) ≤ 0 (2.12)
∑
i,α
g([ANvα , Aα]ei,Pei) = 2
∑
α
tr(AαANvαP)
=
c1 + c2
16
{
− 2tr(T NFP)− 2tr(P2)tr(N 2) + 3tr(NhPt) (2.13)
−2tr[(Pt+ T s)N (hP + sF)P]− 2tr[(fP + tF)P] · tr[(Ft+N s)N ]
}
−2
c1 − c2
16
{
2tr(PT N (hP + sF)) + tr(N 2)tr((fP + tF)P)
+tr(P2)tr((Ft+N s)N )
}
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∑
α,β
[g(Aαtvβ , Aβtvα)− g(Aαtvα, Aβtvβ)] = g([Aα, Aβ]tvα, tvβ) (2.14)
=
c1 + c2
16
[
(tr(Ft))2 − tr((Ft)2)− 2tr(NhPt) + 2(tr(ht))2 − tr((ht)2)
+(tr((hP + sF)t))2 − tr(((hP + sF)t)2)− 2tr((Ft+N s)h(fP + tF)t)
]
+2
c1 − c2
16
[
− tr((hP + sF)tFt)− tr((fP + tF)tNh) − tr(hPt(Ft+N s))
]
where
− tr((ht)2) = −
∑
α
g(htvα, htvα) ≤ 0 (2.15)
g([A(Ft+N s)vα , Aα]ei, (fP + tF)ei)
= 2tr(AαA(Ft+N s)vα(fP + tF)) (2.16)
=
c1 + c2
16
{
− 2tr((fP + tF)T (Ft+N s)F)− 2tr(P(fP + tF))tr(N (Ft +N s))
+3tr(t(Ft+N s)h(fP + tF))− 2tr((Pt+ T s)(Ft+N s)(hP + sF)(fP + tF))
−2tr((fP + tF)2) · tr((Ft+N s)2)
}
−2
c1 − c2
16
{
tr(T (Ft+N s)(hP + sF)(fP + tF))
+tr((Pt+ T s)(Ft+N s)F(fP + tF))
+tr((fP + tF)2)tr(N (Ft+N s)) + tr((Ft+N s)2)tr(P(fP + tF))
}
where
−2tr((fP + tF)2) · tr((Ft+N s)2)
= −2
∑
i,α
g((fP + tF)ei, (fP + tF)ei) · g((Ft +N s)vα, (Ft +N s)vα)
≤ 0 (2.17)
∑
α,β
[
g(Aα(Pt+ T s)vβ, Aβ(Pt+ T s)vα)− g(Aα(Pt+ T s)vα, Aβ(Pt+ T s)vβ)
]
=
∑
α,β
g([Aα, Aβ](Pt + T s)vα, (Pt+ T s)vβ) (2.18)
=
c1 + c2
16
{
[tr(F(Pt + T s))]2 − tr[(F(Pt+ T s))2]
+2tr(N (hP + sF)P(Pt + T s)) + 2[tr(h(Pt + T s))]2 − tr[(h(Pt + T s))2]
+[tr((hP + sF)(Pt + T s))]2 − tr[((hP + sF)(Pt+ T s))2]
+2tr((Ft+N s)(hP + sF)(fP + tF)(Pt + T s))
}
+2
c1 − c2
16
{
tr(F(Pt+ T s)) · tr((hP + sF)(Pt+ T s))
−tr(F(Pt+ T s)(hP + sF)(Pt + T s)) + tr(N (hP + sF)(fP + tF)(Pt+ T s))
+tr((Ft+N s)(hP + sF)P(Pt + T s))
}
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where
−tr[((hP + sF)(Pt + T s))2]
= −
∑
α
g((hP + sF)(Pt+ T s)vα, (hP + sF)(Pt + T s)vα)
≤ 0 (2.19)
g([A(Ft+N s)vα , Aα]ei,Pei) = 2tr(AαA(Ft+N s)vαP) (2.20)
=
c1 + c2
16
{
− 2tr(FPT (Ft+N s))− 2tr(P2)tr(N (Ft+N s))
+3tr(hPt(Ft+N s))− 2tr((Pt+ T s)(Ft+N s)(hP + sF)P)
−2tr((fP + tF)P) · tr((Ft+N s)2)
}
+
c1 − c2
16
{
− 4tr(PT (Ft+N s)(hP + sF))
−2tr((fP + tF)P) · tr(N (Ft+N s))− 2tr(P2) · tr((Ft+N s)2)
}
where
−2tr(P2) · tr((Ft+N s)2)
= −2g(Pei,Pei) · g((Ft +N s)vα, (Ft+N s)vα) ≤ 0 (2.21)
∑
α,β
[
g(AαT vβ, Aβ(Pt+ T s)vα)− g(AαT vα, Aβ(Pt+ T s)vβ)
]
=
∑
α,β
g([Aα, Aβ](Pt + T s)vα,T vβ) (2.22)
=
c1 + c2
16
{
tr(FT ) · tr(F(Pt+ T s))− tr(FT F(Pt + T s))
+2tr(NFP(Pt + T s)) + 2tr(hT ) · tr(h(Pt+ T s))
−tr(hT h(Pt+ T s)) + tr((hP + sF)T ) · tr((hP + sF)(Pt+ T s))
−tr((hP + sF)T (hP + sF)(Pt+ T s))
+2tr((Ft+N s)((hP + sF)(fP + tF)T )
}
+
c1 − c2
16
{
(tr(F(Pt + T s)))2 − tr(T F(Pt+ T s)(hP + sF))
−tr(FT (hP + sF)(Pt + T s)) + tr(FT ) · tr((hP + sF)(Pt+ T s))
+2tr(T N (hP + sF)(fP + tF)) + 2tr((Ft+N s)(hP + sF)PT )
}
where
−tr(T F(Pt+ T s)(hP + sF))
= −
∑
α
g(F(Pt + T s)vα,F(Pt + T s)vα)
≤ 0 (2.23)
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and
tr(FT ) · tr((hP + sF)(Pt + T s))
=
∑
α,β
g(T vα,T vα) · g((Pt + T s)vβ, (Pt + T s)vβ)
≥ 0 (2.24)
g([ANvα , Aα]ei, (fP + tF)ei) = 2tr(AαANvα(fP + tF)) (2.25)
=
c1 + c2
16
{
− 2tr(T NF(fP + tF))− 2tr(P(fP + tF)) · tr(N 2)
+3tr(tNh(fP + tF))− 2tr((Pt + T s)N (hP + sF)(fP + tF))
−2tr((fP + tF)2) · tr(N (Ft+N s))
}
+
c1 − c2
16
{
− 2tr(T N (hP + sF)(fP + tF))− 2tr(NF(fP + tF)(Pt + T s))
−2tr((fP + tF)2) · tr(N 2)− 2tr(P(fP + tF)) · tr(N (Ft+N s))
}
where
−2tr((fP + tF)2) · tr(N 2)
= −2g((fP + tF)ei, (fP + tF)ei) · g(N vα,N vα)
≤ 0 (2.26)
3 Minimal submanifolds with flat normal con-
nection
In this section, we give the Simons’ type integral formula for a compact minimal
submanifold M in M
m
×M
n
. According to [4], we have to compute the following
terms:
∑
i
(∇X(R(ei, Y )ei)
⊥)⊥
=
∑
i
(R(B(X, ei), Y )ei)
⊥ +
∑
i
(R(ei, B(X,Y ))ei)
⊥ (3.27)
+
∑
i
(R(ei, Y )B(X, ei))
⊥ −
∑
i
B(X, (R(ei, Y )ei)
⊤)
where
8
∑
i
(R(B(X, ei), Y )ei)
⊥
=
c1 + c2
16
[
B(X,Y ) +NB(X,PY )
+
∑
i
g(B(X, ei),Fei)FY + 2
∑
i
g(B(X, ei),FY )Fei
+2sB(X, fY )−
∑
i
g(B(X, ei), hei)hY + (Ft+N s)B(X, (fP + tF)Y )
+
∑
i
g(B(X, ei), (hP + sF)ei)(hP + sF)Y (3.28)
+2
∑
i
g(B(X, ei), (hP + sF)Y )(hP + sF)ei
]
+
c1 − c2
16
[
B(X, fY ) + sB(X,Y ) +NB(X, (fP + tF)Y )
+g(B(X, ei), (hP + sF)ei)FY + (Ft+N s)B(X,PY )
+g(B(X, ei),Fei)(hP + sF)Y + 2g(B(X, ei), (hP + sF)Y )Fei
+2g(B(X, ei),FY )(hP + sF)ei
]
∑
i
(R(ei, B(X,Y ))ei)
⊥
=
c1 + c2
16
[
− l · B(X,Y ) + 3FT B(X,Y ) + 2htB(X,Y ) (3.29)
−tr(f)sB(X,Y ) + 3(hP + sF)(Pt + T s)B(X,Y )
]
+
c1 − c2
16
[
− tr(f)B(X,Y )− l · sB(X,Y )
+3F(Pt + T s)B(X,Y ) + 3(hP + sF)T B(X,Y )
]
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∑
i
(R(ei, Y )B(X, ei))
⊥
=
c1 + c2
16
[∑
i
g(FY,B(X, ei))Fei −
∑
i
g(Fei, B(X, ei))FY
+2NB(X,PY ) + 2
∑
i
g(hY,B(X, ei))hei −
∑
i
g(hei, B(X, ei))hY
+
∑
i
g((hP + sF)Y,B(X, ei))(hP + sF)ei (3.30)
−
∑
i
g((hP + sF)ei, B(X, ei))(hP + sF)Y
+2(Ft+N s)B(X, (fP + tF)Y )
]
+
c1 − c2
16
[
g((hP + sF)Y,B(X, ei))Fei − g((hP + sF)ei, B(X, ei))FY
+g(FY,B(X, ei))(hP + sF)ei − g(Fei, B(X, ei))(hP + sF)Y
+2NB(X, (fP + tF)Y ) + 2(Ft +N s)B(X,PY )
]
∑
i
(R(ei, Y )ei)
⊤ (3.31)
=
c1 + c2
16
[
(1− l)Y + 3P2Y + 2f2Y − tr(f) · fY + 3(fP + tF)2Y
]
+
c1 − c2
16
[
(2− l)fY − tr(f)Y + 3P(fP + tF)Y + 3(fP + tF)PY
]
Therefore
−
∑
i
B(X, (R(ei, Y )ei)
⊤) (3.32)
= −
c1 + c2
16
[
(1− l)B(X,Y ) + 3B(X,P2Y ) + 2B(X, f2Y )
−tr(f)B(X, fY ) + 3B(X, (fP + tF)2Y )
]
−
c1 − c2
16
[
(2− l)B(X, fY )− tr(f)B(X,Y ) + 3B(X,P(fP + tF)Y )
+3B(X, (fP + tF)PY )
]
We also have to compute
∑
i
(∇ei(R(ei,X)Y )
⊥)⊥ (3.33)
=
∑
i
(R(ei, B(ei,X))Y )
⊥ +
∑
i
(R(ei,X)B(ei, Y ))
⊥ −
∑
i
B(ei, (R(ei,X)Y )
⊤)
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where
∑
i
(R(ei, B(ei,X))Y )
⊥
=
c1 + c2
16
[
−B(X,Y )− sB(X, fY ) +NB(X,PY )
−
∑
i
g(B(ei,X),FY )Fei − 2
∑
i
g(B(ei,X),Fei)FY
+2
∑
i
g(B(ei,X), hY )hei + (Ft+N s)B((fP + tF)Y,X)
−
∑
i
g(B(ei,X), (hP + sF)Y )(hP + sF)ei (3.34)
−2
∑
i
g(B(ei,X), (hP + sF)ei)(hP + sF)Y
]
+
c1 − c2
16
[
−B(X, fY )− hB(X,Y ) +NB(X, (fP + tF)Y )
+(Ft+N s)B(X,PY )
−g(B(ei,X), (hP + sF)Y )Fei − 2g(B(ei,X), (hP + sF)ei)FY
−g(B(ei,X),FY )(hP + sF)ei − 2g(B(ei,X),Fei)(hP + sF)Y
]
∑
i
(R(ei,X)B(Y, ei))
⊥
=
c1 + c2
16
[∑
i
g(FX,B(Y, ei))Fei −
∑
i
g(Fei, B(Y, ei))FX
+2NB(Y,PX) + 2
∑
i
g(hX,B(Y, ei))hei −
∑
i
g(hei, B(Y, ei))hX
+
∑
i
g((hP + sF)X,B(Y, ei))(hP + sF)ei (3.35)
−
∑
i
g((hP + sF)ei, B(Y, ei))(hP + sF)X
+2(Ft+N s)B(Y, (fP + tF)X)
]
+
c1 − c2
16
[
g((hP + sF)X,B(Y, ei))Fei − g((hP + sF)ei, B(Y, ei))FX
+g(FX,B(Y, ei))(hP + sF)ei − g(Fei, B(Y, ei))(hP + sF)X
+2NB(Y, (fP + tF)X) + 2(Ft+N s)B(Y,PX)
]
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∑
i
(R(ei,X)Y )
⊤
=
c1 + c2
16
∑
i
[
g(X,Y )ei − g(ei, Y )X + g(PX,Y )Pei + g(PY, ei)PX
+2g(ei,PX)PY + 2g(fX, Y )fei − g(ei, fY )fX (3.36)
+g((fP + tF)X,Y )(fP + tF)ei
+g((fP + tF)Y, ei)(fP + tF)X + 2g((fP + tF)X, ei)(fP + tF)Y
]
+
c1 − c2
16
∑
i
[
g(fX, Y )ei − g(fY, ei)X + g(X,Y )fei − g(Y, ei)fX
+g((fP + tF)X,Y )Pei + g((fP + tF)Y, ei)PX
+g(PX,Y )(fP + tF)ei + g(PY, ei)(fP + tF)X
+2g((fP + tF)X, ei)PY + 2g(PX, ei)(fP + tF)Y
]
Therefore
−
∑
i
B(ei, (R(ei,X)Y )
⊤) (3.37)
= −
c1 + c2
16
[
−B(X,Y ) + 3B(PX,PY ) + 2g(fX, Y )B(fei, ei)
−B(fX, fY ) + 3B((fP + tF)X, (fP + tF)Y )
]
−
c1 − c2
16
[
−B(X, fY ) + g(X,Y )B(ei, fei)−B(fX, Y )
+3B(PX, (fP + tF)Y ) + 3B(PY, (fP + tF)X)
]
Then we have
Lemma 3.1 Let M be a minimal submanifold in M
m
×M
n
with flat normal
12
connection, then
g(∇2B,B) =
∑
i,j,k
g(∇ei∇eiB(ej , ek), B(ej , ek))
=
∑
i,j,k
[
g((R(ei, ej)B)(ei, ek), B(ej , ek))
+g((∇ej (R(ei, ek)ei)
⊥)⊥, B(ej , ek)) + g((∇ei(R(ei, ej)ek)
⊥)⊥, B(ej , ek))
=
∑
i,j,k
g((R(ei, ej)B)(ei, ek), B(ej , ek)) (3.38)
+
c1 + c2
16
{
3
∑
α
[
tr(AαAFT vα)− 2tr(AαANvαP) + tr((AαP)
2)− tr(A2αP
2)
]
+3
∑
α,β
[
g(Aα(Pt+ T s)vβ , Aβ(Pt+ T s)vα)− g(Aα(Pt+ T s)vα, Aβ(Pt + T s)vβ)
]
+3
∑
α,β
[
g(AαT vβ , AβT vα)− g(AαT vα, AβT vβ)
]
+3
∑
α
[
tr((Aα(fP + tF))
2)− tr(A2α(fP + tF)
2)
]
+3
∑
α,β
[
g(Aαtvβ, Aβtvα)− g(Aαtvα, Aβtvβ)
]
+ 3
∑
α,β
g(Aαtvβ, Aβtvα)
+
∑
α
[
2tr(AαAhtvα) + tr(AαAsvαf)− tr(f)tr(AαAsvα) + tr(f)tr(A
2
αf)
−2tr(A2αf
2)− 2(tr(Aαf))
2 + tr((Aαf)
2)
−6tr(AαA(Ft+N s)vα(fP + tF)) + 3tr(AαA(hP+sF)(Pt+T s)vα)
]}
+
c1 − c2
16
{
l · tr(A2αf)− l · tr(AαAsvα)
+6g(AαT vβ, Aβ(Pt+ T s)vα)− 6g(AαT vα, Aβ(Pt+ T s)vβ)
−6tr(AαANvα(fP + tF))− 6tr(AαA(Ft+N s)vαP)
+6tr(AαA(hP+sF)T vα)− 6tr(A
2
α(fP + tF)P) + 6tr(AαPAα(fP + tF))
}
✷
We also have the following relations:
∑
α
tr(AαAFT vα) =
∑
α
[tr(A2Nvα)− tr(A
2
α)] (3.39)
∑
α
tr(AαAhtvα) =
∑
α
[tr(A2α)− tr(As2vα)]
=
∑
α
[tr(A2α)− tr(A
2
svα)] (3.40)
∑
α
tr(As2vα) =
∑
α
tr(A2svα) (3.41)
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∑
α
|[P, Aα]|
2 = 2
∑
α
[tr((AαP)
2)− tr(A2αP
2)] (3.42)
∑
α
|[f,Aα]|
2 = −2
∑
α
[tr((Aαf)
2)− tr(A2αf
2)] (3.43)
∑
α
|[fP + tF , Aα]|
2
= 2
∑
α
[tr((Aα(fP + tF))
2)− tr(A2α(fP + tF)
2)] (3.44)
∑
α
tr(AαANα) =
∑
α
tr(A2αP) =
∑
α
tr(AαP) = 0 (3.45)
∑
α
tr(Aα(fP + tF)) =
∑
α
tr(A2α(fP + tF)) = 0 (3.46)
∑
α
tr(AαA(Ft+N s)vα) = 0 (3.47)
∑
α
tr(AαA(hP+sF)(Pt+T s)vα)
= −
∑
α,β
tr(AαAβ) · g((Pt + T s)vα, (Pt + T s)vβ)
= −
∑
i,j,k
[
g((hP + sF)ej , B(ei, ek))
]2
≤ 0 (3.48)
tr(A2αP(fP + tF)) = tr(A
2
α(fP + tF)P) (3.49)
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Now we can rewrite (3.12) as follows:
g(∇2A,A) = g(∇2B,B) =
∑
i,j,k
g(∇ei∇eiB(ej , ek), B(ej , ek))
=
∑
i,j,α
g((R(ei, ej)Aα)ei, Aαej) (3.50)
+
c1 + c2
16
{
3
∑
α
[
tr(A2Nvα)− tr(A
2
α)− 2tr(AαANvαP) +
1
2
∑
α
|[P, Aα]|
2
]
+3
c1 + c2
16
[
(tr(F(Pt+ T s)))2 − tr((F(Pt + T s))2)
+2tr(N (hP + sF)P(Pt + T s)) + 2(tr(h(Pt + T s)))2 − tr((h(Pt + T s))2)
+(tr((hP + sF)(Pt+ T s)))2 − tr(((hP + sF)(Pt + T s))2)
+2tr((Ft+N s)(hP + sF)(fP + tF)(Pt + T s))
]
+6
c1 − c2
16
[
tr(F(Pt+ T s)) · tr((hP + sF)(Pt+ T s))
−tr(F(Pt+ T s)(hP + sF)(Pt + T s)) + tr(N (hP + sF)(fP + tF)(Pt+ T s))
+tr((Ft+N s)(hP + sF)P(Pt + T s))
]
+3
c1 + c2
16
[
(tr(FT ))2 − tr((FT )2) + 2tr(NFPT )− tr((Ft)2)
+(tr(hP + sF)T )2 − tr(((hP + sF)T )2) + 2tr((Ft+N s)F(fP + tF)T )
]
+6
c1 − c2
16
[
tr(FT )tr((hP + sF)T )− tr(FT (hP + sF)T )
+tr(NF(fP + tF)T ) + tr(FPT (Ft+N s))
]
+3
c1 + c2
16
[
− tr((Ft)2)− 2tr(NhPt) + 2(tr(ht))2 − tr((ht)2)
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+(tr((hP + sF)t))2 − tr(((hP + sF)t)2)− 2tr((Ft+N s)h(fP + tF)t)
]
+6
c1 − c2
16
[
− tr((hP + sF)tFt)− tr((fP + tF)tNh) − tr(hPt(Ft+N s))
]
−3
c1 + c2
16
[
− 2tr((fP + tF)T (Ft+N s)F)− 2tr(P(fP + tF))tr(N (Ft+N s))
+3tr(t(Ft+N s)h(fP + tF)) − 2tr((Pt + T s)(Ft+N s)(hP + sF)(fP + tF))
−2tr((fP + tF)2) · tr((Ft+N s)2)
]
+6
c1 − c2
16
[
tr(T (Ft+N s)(hP + sF)(fP + tF))
+tr((Pt+ T s)(Ft+N s)F(fP + tF))
+tr((fP + tF)2) · tr(N (Ft+N s)) + tr((Ft+N s)2) · tr(P(fP + tF))
]
+
3
2
∑
α
|[fP + tF , Aα]|
2 + 3
∑
α,β
g(Aαtvβ, Aβtvα)
+
∑
α
[
2tr(A2α)− 2tr(A
2
svα) + tr(AαAsvαf)− tr(f)tr(AαAsvα) + tr(f)tr(A
2
αf)
−2tr(A2αf
2)− 2(tr(Aαf))
2 + tr((Aαf)
2) + 3tr(AαA(hP+sF)(Pt+T s)vα)
]}
+
c1 − c2
16
{
l · tr(A2αf)− l · tr(AαAsvα)
+6
c1 + c2
16
[
tr(FT ) · tr(F(Pt+ T s))− tr(FT F(Pt+ T s))
+2tr(NFP(Pt + T s)) + 2tr(hT ) · tr(h(Pt + T s))
−tr(hT h(Pt+ T s)) + tr((hP + sF)T ) · tr((hP + sF)(Pt+ T s))
−tr((hP + sF)T (hP + sF)(Pt+ T s))
+2tr((Ft+N s)((hP + sF)(fP + tF)T )
]
+6
c1 − c2
16
[
(tr(F(Pt + T s)))2 − tr(T F(Pt+ T s)(hP + sF))
−tr(FT (hP + sF)(Pt + T s)) + tr(FT ) · tr((hP + sF)(Pt+ T s))
+2tr(T N (hP + sF)(fP + tF)) + 2tr((Ft+N s)(hP + sF)PT )
]
−3
c1 + c2
16
[
− 2tr(T NF(fP + tF))− 2tr(P(fP + tF)) · tr(N 2)
+3tr(tNh(fP + tF))− 2tr((Pt+ T s)N (hP + sF)(fP + tF))
−2tr((fP + tF)2) · tr(N (Ft+N s))
]
−3
c1 − c2
16
[
− 2tr(T N (hP + sF)(fP + tF))− 2tr(NF(fP + tF)(Pt + T s))
−2tr((fP + tF)2) · tr(N 2)− 2tr(P(fP + tF)) · tr(N (Ft+N s))
]
16
−3
c1 + c2
16
[
− 2tr(FPT (Ft+N s))− 2tr(P2)tr(N (Ft+N s))
+3tr(hPt(Ft +N s))− 2tr((Pt+ T s)(Ft+N s)(hP + sF)P)
−2tr((fP + tF)P) · tr((Ft+N s)2)
]
−3
c1 − c2
16
[
− 4tr(PT (Ft+N s)(hP + sF))
−2tr((fP + tF)P) · tr(N (Ft+N s))− 2tr(P2) · tr((Ft+N s)2)
]
+6tr(AαA(hP+sF)T vα)− 6tr(A
2
α(fP + tF)P) + 6tr(AαPAα(fP + tF))
}
As in [4], we have the following result:
Lemma 3.2 Let M be an l-dimensional minimal submanifold in M
m
×M
n
. If U
is a parallel section in the normal bundle of M , then
div(∇T UT U)
=
c1 + c2
16
{
(l − 1)g(T U,T U) + 3g(PT U,PT U) + 2tr(f)g(fT U,T U)
−g(fT U, fT U) + 3g((fP + tF)T U, (fP + tF)T U)
}
+
c1 − c2
16
{
(l − 2)g(fT U,T U) + tr(f) · g(T U,T U)
+6g(PT U, (fP + tF)T U)
}
+
1
2
|[P, AU ]|
2 + tr(A2NU )− 2tr(AUANUP)− tr(A
2
U )
+
∑
α
g(AUT vα, AUT vα)−
∑
α
g(AαT U,AαT U) (3.51)
Proof From Gauss equation, we get
S(T U,T U)
=
c1 + c2
16
{
(l − 1)g(T U,T U) + 3g(PT U,PT U) + 2tr(f)g(fT U,T U)
−g(fT U, fT U) + 3g((fP + tF)T U, (fP + tF)T U)
}
+
c1 − c2
16
{
(l − 2)g(fT U,T U) + tr(f) · g(T U,T U)
+6g(PT U, (fP + tF)T U)
}
−
∑
α
g(AαT U,AαT U) (3.52)
where S is the Ricci tensor of M .
From [4] we know that
∇X(T U) = −PAUX +ANUX (3.53)
Therefore
div(T U) =
∑
i
g(ei,∇ei(T U)) =
∑
i
g(ei,−PAUei +ANUei)
= −tr(PAU ) + tr(ANU ) = 0, (3.54)
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|∇T U |2 =
∑
i
g(∇eiT U,∇eiT U) (3.55)
= tr(A2U ) + tr(A
2
NU )− 2tr(AUANUP)−
∑
α
g(AUT vα, AUT vα),
|LT Ug|
2 =
∑
i,j
[
LT Ug(ei, ej)
]2
=
∑
i,j
[
g(∇eiT U, ej) + g(∇ejT U, ei)
]2
= |[P, AU ]|
2 + 4tr(A2NU )− 8tr(AUANUP) (3.56)
Put (3.26)-(3.30) into
div(∇T UT U) = div(div(T U)T U) + S(T U,T U)
+
1
2
|LT Ug|
2 − |∇T U |2 − (div(T U))2
we get the result. ✷
Since the normal connection of M is flat, we can choose an orthonormal basis vα
of T (M)⊥ such that Dvα = 0 for all α. Thus
div(∇T vαT vα)
=
c1 + c2
16
{
(l − 1)g(T vα,T vα) + 3g(PT vα,PT vα) + 2tr(f)g(fT vα,T vα)
−g(fT vα, fT vα) + 3g((fP + tF)T vα, (fP + tF)T vα)
}
(3.57)
+
c1 − c2
16
{
(l − 2)g(fT vα,T vα) + tr(f) · g(T vα,T vα)
+6g(PT vα, (fP + tF)T vα)
}
+
1
2
|[P, Aα]|
2 + tr(A2Nvα)− 2tr(AαANvαP)− tr(A
2
α)
=
c1 + c2
16
{
− (l − 1) · tr(FT ) + 3tr(P2T F)− 2tr(f) · tr(fT F) + tr(f2T F)
+3tr((fP + tF)2T F)
}
+
c1 − c2
16
{
− (l − 2)tr(fT F)− tr(f) · tr(FT ) + 6tr((fP + tF)T FP)
}
+
1
2
|[P, Aα]|
2 + tr(A2Nvα)− 2tr(AαANvαP)− tr(A
2
α)
Lemma 3.3 Let M be an l-dimensional minimal submanifold in M
m
×M
n
. If U
is a parallel section in the normal bundle of M , then
div(∇tU tU) (3.58)
= −div(tr(AUf)tU) +
c1 + c2
16
{
(l − 1)g(tU, tU) + 3g(PtU,PtU)
+2tr(f)g(ftU, tU)− g(ftU, ftU) + 3g((fP + tF)tU, (fP + tF)tU)
}
+
c1 − c2
16
{
(l − 2)g(ftU, tU) + tr(f) · g(tU, tU) + 6g(PtU, (fP + tF)tU)
}
+tr(A2sU)− tr(A
2
U ) + tr(A
2
Uf
2) + tr((AUf)
2)− (tr(AUf))
2
−2tr(AUAsUf) +
∑
α
g(AU tvα, AU tvα)−
∑
α
g(AαtU,AαtU)
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Proof As in the proof of Lemma 3.2, we have
S(tU, tU)
=
c1 + c2
16
{
(l − 1)g(tU, tU) + 3g(PtU,PtU) + 2tr(f)g(ftU, tU)
−g(ftU, ftU) + 3g((fP + tF)tU, (fP + tF)tU)
}
+
c1 − c2
16
{
(l − 2)g(ftU, tU) + tr(f) · g(tU, tU) + 6g(PtU, (fP + tF)tU)
}
−
∑
α
g(AαtU,AαtU). (3.59)
∇X(tU) = AsUX − fAUX (3.60)
div(tU) = −tr(AUf) (3.61)
|∇tU |2 = tr(A2sU) + tr(A
2
U )− 2tr(AUAsUf)−
∑
α
g(AU tvα, AU tvα) (3.62)
|LtUg|
2 = 4tr(A2sU ) + 2tr(A
2
Uf
2) + 2tr((AUf)
2)− 8tr(AUAsUf) (3.63)
Put (3.31), (3.33)-(3.35) into
div(∇tU tU) = div(div(tU)tU) + S(tU, tU)
+
1
2
|LtUg|
2 − |∇tU |2 − (div(tU))2
we get the result. ✷
As before we choose an orthonormal basis vα of T (M)
⊥ such that Dvα = 0 for all
α. Thus
div(∇tvα tvα) (3.64)
= −div(tr(Aαf)tvα) +
c1 + c2
16
{
(l − 1)g(tvα, tvα) + 3g(Ptvα,Ptvα)
+2tr(f)g(ftvα, tvα)− g(ftvα, f tvα) + 3g((fP + tF)tvα, (fP + tF)tvα)
}
+
c1 − c2
16
{
(l − 2)g(ftvα, tvα) + tr(f) · g(tvα, tvα) + 6g(Ptvα, (fP + tF)tvα)
}
+tr(A2svα)− tr(A
2
α) + tr(A
2
αf
2) + tr((Aαf)
2)− (tr(Aαf))
2 − 2tr(AvαAsvαf)
= −div(tr(Aαf)tvα) +
c1 + c2
16
{
(l − 1) · tr(ht)− 3tr(P2th) + 2tr(f) · tr(hft)
−tr(f2th)− 3tr((fP + tF)2th)
}
+
c1 − c2
16
{
(l − 2) · tr(hft) + tr(f) · tr(ht)− 6tr((fP + tF)thP)
}
+tr(A2svα)− tr(A
2
α) + tr(A
2
αf
2) + tr((Aαf)
2)− (tr(Aαf))
2 − 2tr(AvαAsvαf)
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Theorem 3.4 If the submanifold M is compact minimal submanifold in M
m
×
M
n
, then ∫
M
|∇A|2dµ+ 3(
c1 + c2
16
)2
∫
M
W1dµ + 6(
c1 − c2
16
)2
∫
M
W2dµ
= −
∫
M
∑
i,j,α
g((R(ei, ej)Aα)ei, Aαej)dµ (3.65)
+3(
c1 + c2
16
)2
∫
M
W3dµ + 6(
c1 − c2
16
)2
∫
M
W4dµ+
c21 − c
2
2
162
∫
M
W5dµ
+
c1 + c2
16
∫
M
W6dµ+
c1 − c2
16
∫
M
W7dµ
where
W1 = −tr(f
2T F) + [tr(F(Pt + T s))]2 + 2[tr(h(Pt + T s))]2 (3.66)
+[tr((hP + sF)(Pt+ T s))]2dµ+ [tr(FT )]2 + [tr(hP + sF)T ]2
+2[tr(ht)]2 + [tr((hP + sF)t)]2 + 2tr((fP + tF)2) · tr((Ft+N s)2)
W2 = [tr(F(Pt+ T s))]
2 + tr(FT ) · tr((hP + sF)(Pt+ T s))
+tr((fP + tF)2) · tr(N 2) + tr(P2) · tr((Ft+N s)2) (3.67)
W3 = −(l − 1) · tr(FT ) + 3tr(P
2T F)− 2tr(f) · tr(fT F)
+3tr((fP + tF)2T F) + tr[(F(Pt+ T s))2]
−2tr(N (hP + sF)P(Pt + T s)) + tr[(h(Pt+ T s))2]
+tr[((hP + sF)(Pt + T s))2] (3.68)
−2tr[(Ft+N s)(hP + sF)(fP + tF)(Pt + T s)]
+tr[(FT )2]− 2tr(NFPT ) + tr[(Ft)2]
+tr[(hP + sF)T ]2 − 2tr[(Ft+N s)F(fP + tF)T ]
+tr((Ft)2) + 2tr(NhPt) + tr((ht)2)
+tr(((hP + sF)t)2) + 2tr((Ft+N s)h(fP + tF)t)
−2tr((fP + tF)T (Ft+N s)F)
−2tr(P(fP + tF))tr(N (Ft +N s)) + 3tr(t(Ft+N s)h(fP + tF))
−2tr((Pt+ T s)(Ft+N s)(hP + sF)(fP + tF))
W4 = −
[
− tr(T F(Pt + T s)(hP + sF))− tr(FT (hP + sF)(Pt+ T s))
+2tr(T N (hP + sF)(fP + tF)) + 2tr((Ft+N s)(hP + sF)PT )
]
−
[
tr(T N (hP + sF)(fP + tF)) + tr(NF(fP + tF)(Pt + T s))
+tr(P(fP + tF)) · tr(N (Ft+N s))
]
−
[
2tr(PT (Ft+N s)(hP + sF)) (3.69)
+tr((fP + tF)P) · tr(N (Ft+N s))
]
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W6 = −
3
2
∑
α
|[fP + tF , Aα]|
2 − 3
∑
α,β
g(Aαtvβ, Aβtvα)
−
∑
α
[
2tr(A2α)− 2tr(A
2
svα
) + tr(AαAsvαf)− tr(f)tr(AαAsvα)
+tr(f)tr(A2αf)− 2tr(A
2
αf
2)− 2(tr(Aαf))
2 + tr((Aαf)
2)
+3tr(AαA(hP+sF)(Pt+T s)vα)
]
(3.70)
W5 = 3
[
− (l − 2)tr(fT F)− tr(f) · tr(FT ) + 6tr((fP + tF)T FP)
]
−6
[
tr(F(Pt+ T s)) · tr((hP + sF)(Pt + T s))
−tr(F(Pt+ T s)(hP + sF)(Pt + T s))
+tr(N (hP + sF)(fP + tF)(Pt + T s)) (3.71)
+tr((Ft+N s)(hP + sF)P(Pt + T s))
]
−6
[
tr(FT ) · tr((hP + sF)T )− tr(FT (hP + sF)T )
+tr(NF(fP + tF)T ) + tr(FPT (Ft+N s))
]
−6
[
− tr((hP + sF)tFt)− tr((fP + tF)tNh)− tr(hPt(Ft+N s))
]
−6
[
tr(T (Ft+N s)(hP + sF)(fP + tF))
+tr((Pt+ T s)(Ft+N s)F(fP + tF))
+tr((fP + tF)2) · tr(N (Ft+N s))
+tr((Ft+N s)2) · tr(P(fP + tF))
]
−6
[
tr(FT ) · tr(F(Pt+ T s))− tr(FT F(Pt+ T s))
+2tr(NFP(Pt + T s)) + 2tr(hT ) · tr(h(Pt + T s))
−tr(hT h(Pt+ T s)) + tr((hP + sF)T ) · tr((hP + sF)(Pt+ T s))
−tr((hP + sF)T (hP + sF)(Pt+ T s))
+2tr((Ft+N s)(hP + sF)(fP + tF)T )
]
+3
[
− 2tr(T NF(fP + tF))− 2tr(P(fP + tF)) · tr(N 2)
+3tr(tNh(fP + tF))− 2tr((Pt+ T s)N (hP + sF)(fP + tF))
−2tr((fP + tF)2) · tr(N (Ft+N s))
]
+3
[
− 2tr(FPT (Ft+N s))− 2tr(P2)tr(N (Ft+N s))
+3tr(hPt(Ft +N s))− 2tr((Pt+ T s)(Ft+N s)(hP + sF)P)
−2tr((fP + tF)P) · tr((Ft+N s)2)
]
W7 = −l ·
[
tr(A2αf)− tr(AαAsvα)
]
− 6
[
tr(AαA(hP+sF)T vα)
−tr(A2α(fP + tF)P) + tr(AαPAα(fP + tF))
]
(3.72)
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Note that all the terms inW1 andW2 are positive, the left side of (3.39) is positive,
therefore we get the following
Corollary 3.5 LetM be an l-dimensional compact minimal submanifold inM
m
×
M
n
with flat normal connection. If the sectional curvature K of M has a lower bound
C and if the second fundamental form A satisfies
−l · C
∑
α
tr(A2α) + 3(
c1 + c2
16
)2W3 + 6(
c1 − c2
16
)2W4
+
c21 − c
2
2
162
W5 +
c1 + c2
16
W6 +
c1 − c2
16
W7 < 0 (3.73)
then M is totally geodesic.
Proof. We can choosing an orthonormal basis {ei} of TxM such that Aαei = h
α
i ei,
i = 1, 2, · · · , then
∑
i,j
((R(ei, ej)A)αei, Aαej) (3.74)
=
∑
i,j
g(R(ei, ej)Aαei, Aαej)−
∑
i,j
g(AαR(ei, ej)ei, Aαej)
=
1
2
∑
i,j
(hαi − h
α
j )
2Kij
≥
C
2
∑
i,j
(hαi − h
α
j )
2 = l · C · tr(A2α)
where Kij denotes the sectional curvature of M with respect to the section spanned
by ei and ej .
Denote the left side of (3.39) by L, then there exist a small ε > 0, such that
L+ ε
∫
M
∑
α
tr(A2α)dµ
≤
∫
M
[
(ε− l · C)
∑
α
tr(A2α) + 3(
c1 + c2
16
)2W3 + 6(
c1 − c2
16
)2W4
+
c21 − c
2
2
162
W5 +
c1 + c2
16
W6 +
c1 − c2
16
W7
]
dµ
≤ 0 (3.75)
Therefore
∑
α tr(A
2
α) = 0. ✷
Corollary 3.6 Let M be an l-dimensional compact minimal submanifold in
M
m
×M
n
with flat normal connection, c1 + c2 > 0. If the sectional curvature K of
M has a lower bound C and if the second fundamental form A satisfies
−l · C
∑
α
tr(A2α) + 3(
c1 + c2
16
)2W3 + 6(
c1 − c2
16
)2W4 (3.76)
+
c21 − c
2
2
162
W5 +
c1 + c2
16
W ′6 +
c1 − c2
16
W7 ≤ 0,
where W ′6 =W6 + 2
∑
α tr(A
2
α) +
3
2
∑
α |[fP + tF , Aα]|
2, then M is totally geodesic.
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Proof. We only need to move the terms −2
∑
α tr(A
2
α) and
−32
∑
α |[fP + tF , Aα]|
2 on the left side of (3.39). The rest are the same as the proof
of Corollary 3.5. ✷
4 The F -anti invariant submanifold
From now on we assume that M is F -anti invariant, that is FTxM ⊂ Tx(M)
⊥, or
equivalently f ≡ 0. Then from Lemma 3.2 or (3.31) we have
∑
α
[1
2
|[P, Aα]|
2 + tr(A2Nvα)− 2tr(AαANvαP) − tr(A
2
α)
]
= −
c1 + c2
16
∑
α
[
(l − 1)g(T vα,T vα) + 3g(PT vα,PT vα) + 3g(tFT vα, tFT vα)
]
−6
c1 − c2
16
∑
α
g(PT vα, tFT vα) +
∑
α
div(∇T vαT vα) (4.77)
= −
c1 + c2
16
[
− (l − 1)tr(FT ) + 3tr(P2T F) + 3tr(ht(FT )2)
]
−6
c1 − c2
16
tr(tFT FP) +
∑
α
div(∇T vαT vα)
and from Lemma 3.3 or (3.38) we have
∑
α
[
tr(A2α)− tr(A
2
svα)
]
=
c1 + c2
16
∑
α
[
(l − 1)g(tvα, tvα) + 3g(Ptvα,Ptvα) + 3g(tFtvα, tFtvα)
]
+6
c1 − c2
16
∑
α
g(Ptvα, tFtvα)−
∑
α
div(∇tvα tvα) (4.78)
=
c1 + c2
16
[
(l − 1)tr(ht)− 3tr(P2th)− 3tr(hT htFt)
]
−6
c1 − c2
16
tr(tFthP)−
∑
α
div(∇tvα tvα)
Theorem 4.1 Let M be an F -anti invariant submanifold in an arbitrary kaehler
product manifold M
m
×M
n
, if s ≡ 0, then M is totally geodesic.
Proof. From [7] Theorem 3.3 on Page 426, we know that when M is F -anti
invariant, AhXY = 0 or equivalently tB(X,Y ) = 0 for all tangent vector fields X,Y
of M . Then by (3.14) ∑
α
[
tr(A2α)− tr(A
2
svα)
]
= 0.
Therefore
∑
α tr(A
2
α) =
∑
α tr(A
2
svα) = 0. ✷
Similarly ∑
α,β
g(Aαtvβ, Aβtvα) =
∑
i,α
g(ei, AhAαeitvα) = 0.
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Theorem 4.2 Let M be an F -anti invariant Lagrangian submanifold in an arbi-
trary kaehler product manifold M
m
×M
n
, then M is totally geodesic.
Proof. The dimension of Lagrangian submanifold is half of that of M
m
×M
n
,
by Theorem 3.3 on Page 426 of [7], we get the result. ✷
Remark 4.3 Certainly Corollary 3.5, Corollary 3.6 are still true in this case and
W1, · · · ,W7 have simpler expressions, specially
W6 = −
3
2
∑
α
|[tF , Aα]|
2 − 3
∑
α
tr(AαA(hP+sF)(Pt+T s)vα)
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